Math 301, Orthogonality in a function space Amy DeCelles, 11/28/2011

Let V be the set of bounded functions on the closed interval [—m, 7] that are piecewise continuous (i.e.
continuous except perhaps at finitely many points.)

1. Show that V is a (real) vectorspace.

2. Show that

is an inner product on V.
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3. Show that the functions

1, sinz, cosz, sin2x, cos2z ,..., sinkx, coskzx,...

are mutually orthogonal in V; i.e. show that

(a) (1,sinkz) = 0 for all positive integers k

(b) (1,coskx) = 0 for all positive integers k

(¢) (sinkx,sinfx) = 0 for all positive integers k # £
(d) ¢

(e) ¢

For (c), (d), (e), you may find the product-to-sum formulas helpful:

coskx,cosfx) = 0 for all positive integers k # ¢

sin kx, cos £z) = 0 for all positive integers k and ¢

cos(f — ¢) — cos(8 + )

sinfsing = .
0 — 0

cosfcosp = cos(f — ) ; cos(f + )

sinfcosp = sin(0 + ¢) —; sin(6 — )
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4. Show that

(a) (sinkx,sinkzx) = =

(b) (coskx,coskzx) = =



