Math 113, Prep 4.9: Antiderivatives

Name: Section:

Names of collaborators:

Main Points:
1. Antiderivatives by recognition

2. Initial value problems

1. Antiderivatives by recognition

If g(x) is the derivative of f(x), i.e. f'(z) = g(x), then we say that f(x) is an antiderivative for g(zx). For
example, consider f(x) = 22 + 3 and g(z) = 2z. In this case, clearly, g(z) is the derivative of f(z), so f(z)
is an antiderivative of g(x).

Notice that h(x) = 2% + 7 is also an antiderivative of g(x), as is p(x) = 22 — 11. In fact, any function of the
form 22 + C, where C' is a fixed real number, is an antiderivative of g(x). This is the most general form of
the antiderivative, and it represents an entire family of functions.

Exercises.

1. Find an antiderivative for each of the given functions. (The key is to recognize the given function as
the derivative of a familiar function.) Check your answer by differentiating.

(a) g(x) = 4a®

(b) 7(0) = cosf®+9

(c) P(t) = secttant
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2. Write the most general form of the antiderivative for each of the given functions.

(a) T(u) = vl +u+1

(b) B(t) = sec?t

One pattern worth noticing is that the power rule for differentiation can be reversed: since % x®

as long as a # 0, an antiderivative for a 2%~ ! is 2%, as long as a # 0. We can rewrite this from the
perspective of antidifferentiating:

Reverse Power Rule: For the power function P, with p # —1, the most general form of
. . . . L +1
the antiderivative is S| Pt + C.
The antiderivative of 71 is In |z|, since % In|z| = % (See Example 6, page 220, in Section 3.6.)
Exercises

3. Find an antiderivative for each of the given functions.

(8) Q(t) = 16 —¢=°

(b) g(x) = Vo +1

ax

a—1
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(c) v(t) = t(t— 1)  Hint: Distribute.

(d) r(z) = secx(tanz + secx)

er + 6232
() H(r) = ———  Hint: Rewrite as the sum of two fractions and simplify.
e

2. Initial value problems

Given a velocity function for a particle, we may wonder if we can find the position function. We know that
the velocity is the derivative of the position, so, therefore, the position should be an antiderivative of the
velocity. However, unless we have some additional information, it is impossible to pick out which
antiderivative in the family is the correct position function. Knowing the initial position of the particle is
sufficient information to determine which antiderivative is the position function.

See Examples 3, 4, 6, and 7.

Exercises
4. Suppose that the velocity of a particle, in meters per second, is given by the function v(t) = 3cost

and that the initial position of the particle is so = 1 meters. Find the position function s(t).

Hint: First find the most general form of the antiderivative for v(t); then use the fact that s(0) =1 to
solve for the constant.
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5. Suppose that the acceleration of a particle, in feet per seconds squared, is given by the function
a(t) = —16.

(a) Given that the initial velocity of the particle is vg = 5 feet per second, find the velocity function.

(b) Given that the initial position of the particle is sg = 2 feet, find the position function.

6. Challenge: Suppose the velocity of a particle is shown in the graph below and that the initial
position of the particle is sg = 0. Sketch a rough graph of the position of the particle.
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