4.4 Indeterminate Forms and L’Hospital’s Rule
Math 1271, TA: Amy DeCelles

1. Overview
L’Hospital’s Rule

This section gives us a way to evaluate limits of functions that look like “%” or “22”. The trick is
to use L’Hospital’s rule (pronounced low-pea-tahl, not la-hospital), which says that you can take
the derivative of the top and the derivative of the bottom and then take the limit of that. More
precisely:

f(x)
g(z)

Suppose F(z) is a quotient F(x) = (where f and g are differentiable and ¢’(z) # 0 near a,

except possibly at a.)
Suppose that we are in one of the following two cases:
Case 1: (F(x) is like “3” as x — a)

lim f(z) =0 and lim g(x)=0

Case 2: (F(z) is like “2” as x — a)

lim f(z) = o0 and lim g(x) = +o0

r—a Tr—a
Then we can do the following:
!
lim F(z) = lim /() = lim f/(a:)
T—a z—a g(z) =z—a g'(x)

as long as the limit on the RHS exists (or is +o0.)
Note: This also works for right/left hand limits (lim,_,,+) and limits at infinity lim,_, o).

Note: Do not confuse this with the quotient rule! We are not taking the derivative of F(x) when
we apply L’Hospital’s rule. We do take the derivative of the top and the derivative of the bottom
in order to evaluate the limit.

Variations
1. Intederminate Products “0 - 00”: Write f(z)g(x
(x

) as a quotient:
fgle) = L o LD

~

Then use L’Hospital’s rule.

2. Inteterminate Differences “oo — o0”: Rewrite as quotient using a common denominator,
rationalization, or factoring out a common factor. Then use L’Hospital’s rule.

3. Indeterminate Powers “0°”, “c0®”, or “1°°7: Can take In of both sides or rewrite as:

[f(2)]9@®) = e9(@)n(f (=)



2. Examples

1.) Evaluate the following limit:
x4 2

ety 42 +3x+2
We can do this problem two ways, one using the methods of Chapter 2, and the other
using L’Hospital’s rule. We’ll do both ways.
Always we start by plugging in the number:

_2+2 __ «0»
4+(-6)+2 O

So we can try to factor and cancel:

z 42 . x4+ 2 . 1 1

o222 1 3z 42wt (z+2)(z+1) et 1 241
Now we compute the limit again using L’Hospital’s rule.
2 2) 1 1
CIuL B QN U o) S =1

lim —_—_—— = _—_— — 1m =
s—-2224+3x+2 2—--2(2243x+2) +—-222+3 2(-2)+3

2.) Evaluate the following limit:
lim T+ tanx

x—0 sinx

If we plug in 0, we get “%”, so we can use L’Hospital’s rule:
. x+tanz g . (x+tanz) o 14sec?iz 141
lim — = lim : = lim - —9
z—0 sinz z—0  (sinx)’ z—0  COST 1

3.) Evaluate the following limit:

1 2
lim (In )
xr—00 x
As x — oo, the top — oo and the bottom — oo, so we have “2=” and we can use
L’Hospital’s rule.
Inz)? Inz)?)’ 2lnz -+ 21
lim (In z) Z Yim M: lim ———% = lim i
z—00 T 00 (aj)’ 00 1 z—00 T

Now this limit is simpler than the one we started with, but we still can’t evaluate it
immediately because, as * — oo the top and bottom still both go to infinity. We try
using L’Hospital’s rule again:

21 2Inz)’ 2
lim ne A lim (2In2) =lm £ = 1lim — =0
So putting it all together,

. (Inz)?

lim =0




5.) Evaluate the following limit:
lim (csc z — cot x)

z—0

Asz — 0, cscx = ﬁ — o0 and cot z = > — 00, so we have: “o0o —o00.” We want to

rewrite this to get a quotient.

. . 1 CcosST . l—cosz
lim (cscz — cot ) = lim | — — — = lim ———
z—0 z—0 \sinz sinz z—0 sinz

«0»

o and we

Now notice that as © — 0 the top — 0 and the bottom — 0, so we have:
can use L’Hospital’s rule:

. l—cosx g, (1—cosx) . sinz 0
lim ——— = lim ~———— = lim =—-=0
z—0 sinz z—0 (sinx) z—0cosx 1

So we can conclude:
lim (cscx — cotz) =0

z—0

Notice that we could have evaluated this limit using the tricks from Chapter 3:

l—cosx
1—cosxz L 0
lim ———— = lim —% =-=0
z—0 sinx z—0 ST 1

x



