Math 113, Prep: L’Hospital’s Rule (4.4)

Name: Section:

Names of collaborators:

Main Points:
1. Using L’Hospital’s rule to evaluate limits of quotients

2. Variations on L’Hospital’s Rule

1. Limits of Quotients

This section gives us a way to evaluate limits that look like “%” or “2”. The trick is to use L’Hospital’s
rule (pronounced low-pea-tahl, not la-hospital), which says that you can take the derivative of the top and
the derivative of the bottom and then take the limit of that. More precisely:

L’Hospital’s Rule: Suppose F(z) is a quotient F(x) = ﬁg

and ¢'(x) # 0 near a, except possibly at a.) Suppose that one of the following is true:

(where f and g are differentiable

. («0» . —_ : _
Case 1: (“5”) ;gl}lf(x) 0 and llgr}lg(x) 0
Case 2: (“2”) lim f(z) = oo and lim g(r) = Fo0

r—a r—a

Then we can replace f/g with f'/g¢’ in the limit:

| @ _ @)
:llir}zF(x) B mlﬁa g(x) :l%a g’(x)

as long as the limit on the RHS exists (or is £o00.)

Note: This also works for right/left hand limits and limits at infinity.

Note: Do not confuse this with the quotient rule! We are not taking the derivative of F(z) when we apply
L’Hospital’s rule. We do take the derivative of the top and the derivative of the bottom in order to
evaluate the limit.

Exercises:

2
1. Evaluate the limit lim _rhe in two ways:
a——2 22+ 3z 42

(a) using the methods of Chapter 2. (Factor and cancel!)

(b) using L’Hospital’s Rule.
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3z% +2
2. Evaluate the limit lim ST in two ways:
z—oo x2 4+ 3x + 2

(a) using the methods of Chapter 2. (Divide top and bottom by x2!)

(b) using L’Hospital’s Rule. (You need to use it twice.)

T+ tanx
3. Evaluate the limit lim ; in two ways:
=0  sinz
sinz
(a) using the methods of Chapter 3 (i.e. use the fact that lir% = 1)
rT—r X

(b) using L’Hospital’s Rule

(In z)?

4. Evaluate the limit: lim
Tr—ro0 xT

(See Examples 1 and 2.)
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2. Variations: Indeterminate Products, Differences, and Powers
The following variations are useful.

e Intederminate Products “0 - 00”: Write f(x)g(z) as a quotient:

Then use L'Hospital’s rule. (See Example 6.)

e Inteterminate Differences “oo — o0”: Rewrite as quotient using a common denominator,
rationalization, or factoring out a common factor. Then use L’Hospital’s rule. (See Example 7.)

e Indeterminate Powers “0°”, “c0®”, or “1%°”: Use the natural log.

Exercises:

5. Evaluate the limits by rewriting as a quotient and using L’Hospital’s Rule:

: —x
(a) IILH;O xe

(b) }1_>mO (cscx — cot x)

6. Evaluate the limits, using L.’Hospital’s Rule if appropriate:

T —2
(2) I 55

(b) lim ze /2

T—r 00
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(¢) lim ze”®
z—0

d) lim —
( z—0+ Inz
eZE
7. Show that lim — = oo, for any positive integer n. What does this tell you about exponential

rz—oo0
growth as compared polynomial growth?



