Notes on Jorgenson and Lang’s §1.5, “Characters on the parabolics”

A. DeCelles
Explicating and disambiguating
Last updated: 02/04/2020

We explicate and clarify Jorgenson and Lang’s discussion in §1.5 of their book on heat Eisenstein series on
SL,(C). We have found a few of their statements to be ambiguous and difficult to interpret, and we
suspect that there may be some misprints, as some of the statements are not literally correct. These notes
attempt to address the ambiguities and inaccuracies.

1 Preliminaries

We recall some definitions and other preliminary material necessary for stating the results of §1.5 in
Jorgenson and Lang’s book on heat Eisenstein series on SL,(C). Besides preceding sections in this book,
see also Jorgenson and Lang’s book on spherical inversion on SL,(R). Note that Jorgenson and Lang use
some non-standard notation and terminology, due to their preference for explicit and direct arguments
rather than making use of more general results in Lie theory.

We start with some definitions from §1.4. Let G = SL,(C) and K = SU(n), which is a maximal compact
subgroup. Let U and A be the subgroups of G consisting of matrices of the following forms:

1 a
1 * 1a2 0

n
U . , A . , a; >0, soHaizl.
0 0 ", i=1
For n > 2, let P be a partition of n, i.e. an ordered tuple P = (nq,...,n,+1) of positive integers whose sum

is n. Define non-negative integers my, 0 < k < r 4+ 1 by:
mog=0, mg =n1+ ... +n;, 1<1<r+1.

Note that Jorgenson and Lang define my, for 1 < k < r + 1; we extend the definition to k& = 0 to simplify
the statement of certain formulas.

Let Up and Ap denote the subgroups of G consisting of matrices of the following forms:

a’l ]]-nl

" a1y, a; >0for 1 <i<r+1,
na

U’P : . s A'p : .. R ra1 .
: : so [[a" = 1
i=1

Npt1 0

a7LT+1 ]]"n7~+1




Let Gp be the subgroup of block diagonal matrices, in which each block has determinant one, i.e.

SLy,, (C)

SL,,(C)

I

Gp :

SLy, (C)x---xSL,,  (C).

0 SLa,.,(C)

Note that Ap and Gp centralize each other and
ApG”p = GLn1 ((C) X ... C;LnrJrl ((C)

Further, both Ap and Gp normalize Up. Thus the product P = Up ApGp is a subgroup of G; it is called
the standard reduced parabolic subgroup of G corresponding to the partition P.

Let Kp = SU(ny) X ...SU(nr41) = Kgp. Note that Kp = K N P. See the Remark in §1.4, page 27.

Given a standard reduced parabolic subgroup P of G = SL,,(C) corresponding to a partition P of n, we
may denote the subgroups Up, Ap, Gp, and Kp by Up, Ap, Gp, and Kp.

Now proceeding to §1.5, we introduce subgroups U, and Ag, of Gp:

1 1 * 0 Am,
UGp : 0 1 3 AGP . : 3
am,+1 0
1 0 :
sk .
1
0 ) 0 (o
0 3
mp
where a1, ..., an,,, are positive real numbers with 11 aj =1forall 1 <k <r+1. Note that
j=mpr_1+1

Jorgenson and Lang do not explicitly describe these groups.
Now consider the Lie subalgebras of sl,,(C) corresponding to the subgroups U and A of SL,(C):
hi1
O % hy 0

n = Lie(U) : . : a : Lie(4) = . , hi €R, Y hi = 0.
0 "o 0 . i=1



Lie subalgebras of n include:

np = Lie(Up) :

0. x
0, 0 "o 0
x 0 *
0
0n,
, ng, = Lie(Ug,) : 0o 0
®nr+l
%0
O .
0
And Lie subalgebras of a include ap, which is constant on each block:
hl ]lnl
0
h2 ]1n2
r+1

ap = Lie(4p) :

and ag,, whose blocks each have trace zero:

ag, = Lie(Ag,) :

ha

; anhk =0,
k=1

Consider the Lie subalgebra corresponding to Gp:

9Gp = Lie(Gp) :

hm+1 :l]'”'r+1
0
. 0
P
' such that, forall 1 <k <r+1,
) Nk
Z hmk—l-’-f =0.
P, 41 0 =1
0
0 hom,
s, (C)
0
s, (C)
= s, (C)®---@sl, ,,(C),
0 sl (C)




which contains ng, and ag, as well as £z, = Lie(Kp) = su(ni) @ - @ su(n,q41).

Note that gg, has a decomposition g, = ng, ® ag, ® tg, and, since gg, = sl,, (C) @ --- ®sl,, ., (C),
each of the Lie subalgebras ng,, ag,, ¢, decomposes into a direct sum of corresponding Lie subalgebras

of sl,,, (C), ..., sl,,.,(C).

2 Characters of a

Corresponding to the Iwasawa decomposition G = UAK, we have what Jorgenson and Lang call
“(a,n)-relevant characters,” which are more commonly called the positive roots. Jorgenson and Lang
denote the set of such characters by R(n). Explicitly,

}L]
R(n) = {ameavz ai7j< )zhi—hj forsome1§i<j§n} ,
h”L

and it is defined by the fact that:

n = @ Ng, wheren,,  =C-FE;;.
a€R(n)

Jorgenson and Lang then introduce S(n), the subset of “simple characters” (usually called simple roots)
explicitly:
Sn) = {oi=a;41 forsomel <i<n-—1}.

Note that every o € R(n) is a sum of elements of S(n). Note also that S(n) is a basis for a". (See[A-3])

We may identify elements of a¥ with elements of a by means of the G-invariant scalar product on g, which
is positive definite on a: for Z, Z’ € sl,(C),

(Z,7"y = Retr(Z2Z').

In particular, for A € a¥, let Hy be such that A\(H) = (Hy, H) for all H € a. Explicitly, for a; ; € R(n),

0

H; H.,, = LEi;i—Ej;

We define R(ng,) C R(n) such that:

nGp = @ Ny -

aGR(nGP)
Explicitly, R(ng,) consists of the characters h; — h; where h; and h; lie in the same block. More precisely,
using a partition {#, : 1 < k <r 4 1} of the set {1,...,n} corresponding to the partition P of n, i.e.
I ={i: mp_1+1<i<my}, we have R(ng,) = {a;; € R(n)| i,j € F for some k}.

Alternately, we may define R(ng,) as the subset of characters that vanish on ap: {& € R(n) : |4, = 0}.

We define S(ng,) = R(ng,) NS(n). Note that every element of R(ng,.) is a sum of elements of S(ng,).



Next we define R(np) C R(n) such that

np = @ Ny -

aER(np)

Alternately, R(np) = R(n) \ R(ng,). (Here the backslash denotes a set difference, not a quotient.)
Explicitly, R(np) consists of o; ; where i € %, and j € % for k # £, i.e. characters h; — h; where h; and
h; lie in different blocks.

Note that R(np) is not the same as the subset of characters in R(n) whose restriction to agp is zero.

We define S(np) = R(np) NS(n). Then S(np) = {am, : 1 <k <r}. Note that the elements of R(np) are
in general not expressible as sums of elements of S(np).

At this point Jorgenson and Lang remark that S(np) is a basis of ay,. However this cannot literally be
true, since S(np) is defined as a subset of S(n), which is contained in a", but not a},. There are two
possible ways of interpreting this:

1) Perhaps S(np) is a basis for the canonical isomorphic copy of a}, inside a¥, namely
P

ap ={ft=poms, : p€a’}, where m,, is the projection a — ap.

2 Per aps restrlctlng tlle e]ementb Of S np tO ap yieldb a baSIS fOI" av i.e. perllaps tlle bet
P>
S(ﬂp)|up - {Oz|ap Lae S(llp)} iS a ba,SlS f()I‘ a\lé.

We can easily see that (1) fails by looking at an example. Let G = SL5(C), P = P32. Consider
as € S(np) and H € ag,. Then

The fact that H € ag, implies h; + ho + hg = 0 and hg + hs = 0. But these relations do not force
as(H) = 0. Consider for example, H = Hy + H4 € ag,,

Then as € S(np), but az ¢ EYD, since a3lag, # 0.

As it turns out, (2) is true; see Note that, along with the isomorphism a}, = aNIVD, this implies that

Smp)lap = {o?\\a; = g, 0T, : « € S(ap)} is a basis for Et:,Y:.

Jorgenson and Lang also state that the elements of S(np) can be indexed in the form ap;1,...,ap,.
However, we choose to notate the elements of S(np) as am,, ..., am, to be clear that we are referring to
elements of S(np) C S(n) ={a; : 1 <i<n—1}. Instead, we prefer to use the notation apq,...,ap, to

—_~—

refer to elements of the basis S(np)|q, of cft\g. More precisely, we let apr = @m, |ap. As discussed in ,
ap,, may be explicitly described as:

o _ (avg. of entries ) [ avg. of entries in
Pk=\_in kth block (k+ 1)th block |



3 Orthogonality

3.1 Orthogonality of certain characters

After defining the relevant characters and simple characters, Jorgenson and Lang point out that
Rmn) = Rng,) U R(np).

This disjoint union is clear from the explicit descriptions of these sets. Referencing this equation, which
they label (3), Jorgenson and Lang state, “Directly from the definitions, we see that the decomposition (3)
is an orthogonal decomposition.” The intended meaning of this statement is unclear.

One interpretation of the statement would be that all the characters in R(ng,) are orthogonal to all the
characters in R(np). However, this is clearly false, as can easily been seen by looking at an example. With
G = SL5(C) and P = P*?, we have as 3 € R(ng,) and as 4 € R(np), but

0
0
(ag3,034) = aps(Hss) = 042,3( Loy ) = -1 # 0.
0

On the other hand, it seems odd to refer to a disjoint union of sets as a “decomposition,” so perhaps the
reference to Equation 3 is a misprint.

Perhaps they intended to refer to the orthogonal decomposition a¥ = CTIVZ &) afg; . This seems unlikely

though since, as shown above, R(np) € EL\; (although R(ng,) C C/Lg;)

Perhaps Jorgenson and Lang are referring to the orthogonal decomposition n = np @ ng,. This does follow
quickly from the definitions, but it also seems rather trivial and unrelated to the discussion that follows.

See for a list of true statements one can make regarding orthogonality of characters in a".

3.2 Orthogonal decomposition p = pg, + pp

As usual p € a¥ is defined to be the half-sum of positive roots, although Jorgenson and Lang use a different
terminology, referring to it as the half-trace of the regular representation of a on n. For SL, (C), since the
multiplicity of each root is two, we have

p:pG:%Zm(a)a:Za.

a€R(n) a€R(n)

Analogously, we define

PGp = Z a and pp = .
aER(nG ) a€R(np)

P
Then clearly pg = pa, + pp, since R(n) = R(ng, ) UR(np).

Note that Jorgenson and Lang reference an equation labeled (4) which states the disjoint union

Sn) =S(ng,) US(np), to justify the decomposition pg = pa, + pp. However, the decomposition follows
rather from (3), which states the corresponding disjoint union for relevant characters. This is another
reason to question the reference to (3) in the unclear comment, discussed above, about the “orthogonal
decomposition.”

Further, (and this is Jorgenson and Lang’s Lemma 5.1), pp is orthogonal to all o € S(ng,) and thus to
PGp, Since pg, is a sum of relevant characters in R(ng, ) and every relevant character in R(ng, ) is a sum
of simple characters in S(ng,.).



We briefly outline the proof; the appendices fill in the necessary details. See in particular

Using the “dual basis” S(n)’ of aV, one can show that (pg,a) = 2 for all a € S(n); see and Since
g9Gp =50, (C)®...sl,  (C), a similar argument can be used to show that (pg,,a) = 2 for all
o € S(ng,); see B2} Then, for all a € S(ng,.),

<pp,0¢> = <pG_pGP7O‘> = <vaa> - <pGP’a> =2-2 =0.

Note that there appears to be a misprint in Jorgenson and Lang’s equation (7P). It states (pg,a) = 2 for
all @ € S(ng,). This clearly true, following trivially from the fact that {pg,a) = 2 for all a € S(n).
However, the stronger statement, that {pg,,a) =2 for all « € S(ng,.), seems to be needed for the proof.

Appendices

A Subspaces and Bases for a and aV

In this appendix, we discuss the orthogonal decomposition a = ap @ ag, and the corresponding orthogonal
decomposition of aV, providing explicit descriptions of the projection maps and of bases and dual bases for
the various subspaces.

A.1 Orthogonal decomposition of a

The Lie subalgebra a decomposes as a direct sum: a = ag, @ ap. Given any H € a, we may write
H=H,, +H as follows.

GGP bl
Let hy,...,h, be the (diagonal) entries of H. Then the jth entry of H,,, lying in the kth block, (i.e.
mi—1+ 1 < j < my for some k in the range 1 < k < r + 1), is given by:

mg

o= X

k L=mp_1+1

i.e. each of the entries in the kth block of H,, is equal to the average of the entries in the kth block of H.
The jth (diagaonal) entry of H, lying in the kth block, is

ClGP?
1 & 1 & ny — 1)h;
hj = hj — — > he = — > (hj—h) = (ni)J— > hy,
b —mp 141 b —mr 141 k (45
where the last summation runs over all £ # j in the range my_1 +1 < £ < my.
For example, for G = SL5(C) and P = P32, we have:
hi+hath
hl 1 32 3
h hithaths
2 3
h — hithoths
3 3
ha h4-2Fh5
h5 }M%hf)
2hy—ha—hs
3
—hi1+2hy—hs3
3
+ —h1—hy+2hs
3
RA—hs
2
—haths
2




A.2 Orthogonal decomposition of a".

The orthogonal decomposition a = ap ® ag, gives rise to an orthogonal decomposition of the dual space a"
into subspaces isomorphic to ap and ay,. In particular, we have a¥ = a} @ ay,, with

ap = ap = {i=pome,pcapt = {Aea’: A, =0} C a’,

aép = aép = {ﬂ:MOWﬂGP:MeaéP} = {Aea’ A, =0} C 0¥,

where g, and 7, denote the projections from a to ap and ag,, respectively.

A.3 Bases for a and a”
One basis for ais Z = {H; |1 <1i <n— 1}, where

0
1
Hy = H,, = Ei;—FEi1;+1 = 1

o
The notation H; is standard, but the usage of & to denote the collection of such H; is not. It will be useful
to be able to refer to £ when considering bases of subspaces of a of their dual spaces.

This gives rise to a basis for a¥ under the identification of a with a¥ via (, ). The corresponding basis for
a¥ is S(n) = {a; : 1 <i<n-—1}, where, as above, o;(H) = h; — hjt1.

The basis & = {H,} for a also gives rise to a dual basis S(n)’ = {«}} for aV. (See 77.)

(H) = hi+--+h;.

Finally, we may identify each o/ with an element H} of a via (, ), to obtain another basis %’ of a, which is
also “dual” to £ in the sense that (H;, HJ’> =6; ;.

1-4

i

n

where the transition from 1 — % to —% happens from the ith to the (i 4+ 1)th diagonal entry.

For example, with G = SL5(C) and P = P32

4 3 2 1
5 5 5 5
1 3 2 1
! E 1 ! ° 2 ’ 5 2 , 5 1
Hl - -5 ) H2 - -5 ) Hd - 5 ) H4 - 5
1 2 3 1
-5 -5 -5 5
1 2 3 4
BE ~5 BE ~3
We have explicit descriptions of the bases {a;} and {«}} for a¥ as functions of hq, ..., h,, but we may also

want to express «; as a linear combination of elements of {a}} or vice versa.



n—1

Z = n z{: j O@ % jz: (n'gij)(yj'

J=i+1
For example, for G = SL5(C) and P = P3’2,
ol %(al) (3a2 + 203 + ay)
as %(oq + 2052) (2043 + a4)
al %(al + 202 + 3a3) + %(oq)
o) = %(oq + 2as + 3a3 + 4ay) .

Conversely, we may write «; as a linear combination of elements of S(n)’, as follows:
= —ai_q + 205 — @y,

where oy = o), = 0.

For example, for G = SL5(C) and P = P32

/ / / / / / / / / /
ap = 207 -0y, a2 = —o]+2ay—aq3, o3 = —ay+203—0y, a1 = —03+20y.

A.4 Bases for ap and ag,

We have two bases # = {H,;} and &' = {H/} for a, and we wish to find bases for the orthogonal subspaces
ac, and ap.

Note that for 1 <i<n—1,%%# mg, forany 1 <k <r, H; € ag,. In fact such H; span ag,, so form a
basis for ag,.

For example, for G = SL5(C), P = P32

1 0 0

form a basis for ag,.

Thus we see that intersecting the basis Z for a with the subspace ag, yields a basis for ag,. One might
naively hope that the complement {H; : i = my, 1 < k < r} yields a basis for ap, but this is not so since
such H; do not even lie in ap. However, we may obtain a basis for ap by projecting such H; to ap.

Using the method described in we find the projection 7y, (H;) = (Hmk>ap of H; with i = my, to ap.
The matrix (Hmk)qp is block diagonal, with all blocks on the diagonal being zero except the kth block
which is n%_]lnk and the (k + 1)th block which is —ﬁ]l

MNk41"

In our example, G = SL;(C), P = P32, we have

Wl
Wl

(Ha),, =

ap

ol—

(S
N|—=



To see the structure more generally, let us consider another example, say G' = SL12(C), P = P*%32, Then
the following three matrices form a basis for ap.

%]].4 04 0y

o
o

03

03 —31s 115

Now we look for bases of ag, and ap related to the basis &’ = {H/} of a. Note that for i = my, for some
1<k<r, H €ap. Since Z Nap ={H, : i =my, 1 <k <r} is linearly independent (being a subset of
the basis #') and has cardinality » = dimg(ap), it is a basis for ap.

In our small example, G = SL5(C), P = P32, a basis for ap is given by the intersection %' Nap = {H}},

where
2
5

! 2
H; = 5

Now we aim to find a basis for ag, from %' = {H/}. The intersection of %’ with ag, is empty, but we
may construct a basis for ag, by projecting H, (i # mg,1 <k <r) to ag,.

For i =my_1 + £ with 1 </ <mny—1 (so mg_1 <i<myg), the projection of H] to ag, is zero except for in
the kth block, which is:

17@/’!1)c

(kth block of (H{)acp) = B —t/ny, ’

’ —Z/nk

where the transition from 1 — ¢/ny to —€/ny occurs at the transition from the ith to the (i + 1)st position.

Recall that ag, decomposes into a direct sum of (copies of) subalgebras of sl,,, (C), ..., sl, ., (C), where
for 1 <k <r+1, the subalgrebra of sl,,, (C) that (whose copy) occurs in the direct sum is ag, (c), the
subalgebra of diagonal nj X n; matrices of trace zero. Clearly {(Hz()acp ci=mp_1+0,1<l0<np—1}is
a basis for the copy of ag(, () inside ag,, so {(H})ag, : 1 <i<n—1,1% my}is abasis for ag,.

Returning to our example G = SL5(C), P = P32, a basis for ag, consists of:

2 1
3 3 0

) (Hé)ﬂcp = -

ol
Wl

(H}as), = -

aGp

CLGP =

ol
olno

o
o
N[

10
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A.5 Bases for aj, and ay
A.5.1 Bases for a}
»

First we look for a basis for a}, related to S(ng,,). Since elements of S(ng,,) are linear maps a — R,
rather than ag, — R, we know that S(ng,) itself cannot be a basis for ag,. However, restricting elements
of S(ng,) to ag, gives a basis for ay , as is clear from the fact that

BBNag, = {H;: 1<i<n-—1,i#mgforany 1 <k <r}

is a basis for ag,. We denote the set of such restrictions by S(ng;)|ag, -

For example, when G' = SLs(C) and P = P%?, a basis for a}, is given by:
al'aGP(H):hl_h27 a2|aGP(H):h2_h37 a3‘aGP(H):h4_h57

where H = with h1 + ho + hg =0 and hy + hs = 0.

A basis for af,, dual to S(ag,)|ag, is obtained by restricting the elements of S(ng,,)’, defined as
{a’ € S(n)" : a € S(ng,)}, to ag,. We denote this basis by S(ng,)'[ag, -

We describe these characters explicitly as functions of H € ag,. For o; € S(ng, ), we have i and ¢ + 1

within the same partition %, = {my_1 < i <my} of {1,...,n}, i.e. there is some kin 1 < k <r+ 1, such
that mg_1 < i < mg. Then for H € ag,, with (diagonal) entries hq,..., Ay,
h1
O‘;(H) = ai( > - h1+.“+hmk—1+hmk71+1+"'+hi = hmk—1+1+.'.+hi’
hn

since the trace of each block in H is zero. In other words, for ¢ in the range my_1 < i < my, the character
ag|aGP takes the sum of the (diagonal) entries in the kth block of a matrix H € ag, up to and including
the ith (diagonal) entry.

For example, for G = SL5(C), P = P32 let H = € agp, i.e. h1 +ha+ hy =0 and

hy + hs = 0. Then the basis S(ng,)'|ag,, for ag, consists of:

O/1|GGP(H) = h, O/2|‘1GP(H) = hi+ho, O‘ZL|GGP<H) = ha.

A.5.2 Bases for a),

Next we describe bases for a), corresponding to S(np) and S(np)’ respectively.

A basis for ap is obtained by restricting elements of S(np) to ap; we denote the set of such restrictions by
S(np)|ap- A dual basis is obtained by restricting elements of S(np)’ = {o’ : a € S(np)} to ap.

Explicitly, for i = my, with 1 < k <r, for H € ap, with diagonal entries constant on each block, with hy
being the constant entry of the ¢th block,

oi(H) = mnihy + noho + ... + nihy  (where hy is the constant diagonal entry of the £th block.)

(3

We may prefer to index the entries of H € ap so that the jth entry is h;. In this case, the fact that the
entries are constant on each block implies hy = ha =+ = by, Amg+1 = bmgy2 = = Ay, - -,
hm,+1 = hm, 42 ="+ = hy, ., = hy, and the formula may be written

a;(H) = nihy + nohpm,41 + .. + nghm, 41 (where h; is the jth diagonal entry of H.)

11



hl
h2

For example, for G = SL5(C) and P = P32 and for H € ap, say H = with 3hq + 2hy =0,

the basis S(np),,, for a}, consists of the single character:

hi
h
, 1
Ck3|ap h1 = 3h1 .
ha

ha

To see the structure more generally, let us consider another example, say G = SL12(C), P = P*332 Then
H € ap may be written in the form

hyly

H - hsls , where 4h1 + 3h5 —+ 3h8 + 2h11 =0.

h813

0
h111s

In this case, S(np) = {au,ar,a10} and the basis S(np),,,, for a}, consists of

a£1|ap(H) = 4h1, O/7|aP(H) = 4h1+3h5, a'w|up(H) = 4h1+3h5+3h8 .

A.6 Bases for a/ and a},

P
Now we consider bases for the isomorphic copies UTEVP and El\g of aép and a),, respectively, inside aV.
First we introduce some notation. Recall that any H € a may be written uniquely in the form

H = Hqp + Hq, ,, where Hyp = mq, (H) € ap and likewise Hq, , is the projection of H to aq . (See )
For p € af,,,, we extend p to a function & on a by

a(H) = ﬁ(HGP+HGGp) = U'(Hucp)’

so in particular, filq, = 0. Similarly, we may extend elements of a}, to linear functions on a whose
restrictions to ag, are zero. We use the tilde notation to denote these extensions also.

A.6.1 Bases for Jg
P

Since ay,, = af,,, and as we have shown above in S(ngp)lag, is a basis for af,, it is clear that

—_~—

S(nGP)|ucp = {a|acp : QGS(nGP)}

is a basis for afé:. However, we also know that S(ng,) = {a € S(n) : alq, =0}, so in fact

S(hgp) = S(ngp)lag,,» and it is simpler to say that S(ng,) is a basis for Eg;.

Similarly, since S(nGp)'|ag,, is a basis for af, dual to S(ng,)lag, as shown in we can see that

S(ngp)'lag, is a basis for CTZ; that is dual to S(ng,) = S(ng,)lae, - Note, however, that characters in

S(ng,)" do not generally vanish on ap, so S(ng) |ag, 18 not simply S(ng,)".

12



We describe the characters o[o,, in S(nGp)'|aq, explicitly. Recall that S(ng,)" = {a] : i # my}.

Given ¢ in the range my_1 < i < myg, let ¢ be defined by ¢ = mg_1 + £. Then 7 is the ¢th element in the kth
partition %, = {my_1 <i <my} of {1,...,n}, with 1 < ¢ < n; — 1. Using the explicit description of the
matrix decomposition H = Hq,, , + Hap in and the explicit description of a;|aGP in we can see that

07'|\/ _ sum of first £ entries |\ ( avg. of entries in )
ecp in kth block kth block

Note that the first £ entries in the kth block are the entries in the kth block up to and including the ith
entry of the whole matrix.

For example, for G = SL5(C), P = P32 and H =

O[/1|CLGP(H) = hl—%(h1+h2—|—h3) — %hl_%hQ_%hg
Wlag, (H) = hi+hs— 3(hi+ha+hs) = ghi+ 5he — 3hs
Wilag, (H) = ha— $(ha+hs) = Lhy—3hs,

and these three characters constitute the basis for c/t\z; that is dual to S(ng,.).

We may also write of[q., as a linear combination of a; € S(n). For i with mg_1 <i <mg, 1 <k <r+1,

o n—1 (J = mp—1)(mg — @) /r i my_y <j <
Ulag, = Z cjo;  where ¢; = ¢ (mp—G)i —mp_1)/nr ifi<ji<my
j=1 0 else

Note that we do not need all the characters in S(n) just those in S(ng, ), since, as we have already shown,
S(ng,) is a basis for ag .

For example, for G = SL5(C) and P = P32, the basis for &g; that is dual to S(ng,) consists of:

e~

/ _ 2 1 / _ 1 2 ! _ 1
a1|aGP - 5061 + §a27 aglaGP - §a1 + 5062, 044|uGP - 50{4 .

—_~

Now we write of|a,,, as a linear combination of a; € S(n)". For i such that my_1 <i <mg, 1 <k <r+1,

’| = — mk*i) ! r_ (%) /
Qilagp = ( ne ) ¥mi_y + o ng Cmy, 5

!

mpr = 0- In particular, note that aﬂacp # o, although both agree on ag,,.

where o, = af = a
Returning to our example, G = SL5(C) and P = P32 we see

/ _ ro_ 1 7 / _ 2.7 _ 1 /
a1|aGp = 0 3a3, a2|acp = @y 3a3, Qy aGgp T 2a3 + Qy .

13



A.6.2 Bases for E,Z

Now we describe bases for C’l\g corresponding to S(np) and S(np)’. Based on our work with ay , we may

hope that S(np) is a basis for a),, but this is not the case. In fact, elements of S(np) need not vanish on

ag, and so need not even be in a},. However, since S(np)|q, is a basis for a}, as shown in we know by

the isomorphism a}, = ‘;\173 that S(np)|a, is a basis for Et\v;.

—~—

Explicitly S(np) = {am, : 1 <k <r}, so the basis S(np)|q, for awg consists of

- (avg. of entries> B <avg. of entries in

Cmifar in kth block (k + 1)th block ) » lsksr.

Note that Jorgenson and Lang (inaccurately) state that S(np) is a basis for a}, and then go on to denote

the elements of S(np) by ap1,...,ap,. We choose to refer to the elements of S(np) as am,, ..., am, to
make it clear that they lie in S(n) = {aq,...,an—1}. But we adopt the notation apj = am, |a,. Thus in

our notation {apy : 1 <k <r}is a basis for the copy of a}, inside a", which is one way of interpreting
what Jorgenson and Lang intended in the first place.

—_—~—

For example, with G = SL5(C), P = P32, S(np) = {a3}, and the basis S(np)|q, for &YD consists of

ari(H) = asla : = 3(h1+ha+hg) — 5(ha+hs).

For G = SLlQ((C), P = 134’3’3’27

ap1 = oulap = F(ha+ha+hs+ha) — 5(hs+ he + hr)
apz = ozlap = 3(hs+he+h7) — 5(hs + hg + hio)
aps = aiolap = 3(hs+ho+hio) — 5(h11 + hi2) .

We may write these characters in terms of the basis S(n) of simple characters in a¥. For 1 <k <,

—_— 1 &k 1 nk+1—1
apr = amk|ap = n*k ;gamk,ﬁé + e ; (”k+1 — 1) Amy+0 -
In particular, notice that am, |ap # am, as elements of aV.
For example, for G = SL5(C), P = P32,
ap1 = agla, = %(al + 2ap + 3a3) + %(a4).

For G = SL3(C), P = P*3:32

ap1 = oulap = %(a1+2a2+3a3+4a4) + %(2a5+a6)
aps = orlap = 3(as+2a6+3a7) + 1(2as + ay)
aps = ol = 3(as+ 209+ 3010) + F(oa1) .

We may also write these characters in terms of the dual basis S(n)’. For 1 < k < r,

—_~—

apr = amk|ﬂP = _(’nilk)a;nk—l + (%—’_ nk,1+1)a;71k - (nk1+1)a;71k+1 .
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For example, for G = SL5(C), P = P32

—_~—

_ _ 1 1 / 1 /! 5 1
apy = agler = (5+3)as = (3)a5 = go3.
For G = Sng((C), P= ]34’3’3’27
— — 1 1 / 1.7 _ T/ 1./
apy = ailep, = (3+3)oh - 307 = ol - 307
— — 1. L1\, _ L. 1. o 2.0 1
apy = arle, = —3ai + (3+3)a7 — 300 —3Q T 307 — 309
— _ 1.7 T A A Y AN S
aps = awle, = —307 + (3+3)aly = —zar + oy,

Note that, in fact, all we need are the characters in S(np)’. We shall see below that S(np)’ is a basis for cT,VZ.

Finally we consider a basis for UTIV: that is dual to S(np)|q,. A priori, this is S(np)’|q,; this is clear from
the fact that S(np)'|a, is a basis for a}, that is dual to S(np)|a,, as we have shown in[A.5 . However, note
that for a;,,, € S(np)’, and H € ag,,

Wy (H) = (4 o) + ot (g o hny) = 04240 = 0,

!

ie. « =0, 50 a},, |ap = ay,, on a, and indeed S(np)'la, = S(np)".

i
mg G p

A.7 Summary of Bases

We summarize the results of the preceding subsections in a table, for convenience. We use the abbreviated
phrase “i # my”, to mean “1 <i <n —1, 7 # my for any k with 1 < k <r,” and similarly, whenever we
write “1 = my,” we mean “i = my, for some k with 1 < k <7r.”

Space | Basis Dual Basis

a B —{H :1<i<n-1} | & —{H :1<i<n—-1}
a’ S(n) ={a; : 1<i<n-—-1} [ S(n) ={af: 1<i<n-1}
aG, | ZNacgp ={H; : i #mi} Taop (B Nagp) ={(H)a, * i #mr}
ap ﬂap((@ﬂap) :{(Hi)ap : i:mk} %' Nap :{H': : i:mk}

aép S(nGP)laGP = {ai|acp : Z7émk} S(nGP)I‘aGP = {O‘HGGP : Z7émk}
Cl}/;. S(np)‘ap = {ai|ﬂP = mk} S(nP)I|ﬂP = {a;|ﬂP = mk}
0t | S(ne,) = {os + i #£my) S(ep)lac,  ={0llag, © i #m}
b | Steler = f{ailes s i=mi} | S(rp) = {af : i =my}

A.8 Orthogonality of Characters in a”

Given a € S(np) and 5 € S(ng, ), we do not expect « orthogonal to 8 nor ' orthogonal to 5.
For example, with G = SL5(C), P = P32 a = a3 and B = au,

(a,8) = (az,ouq) = (H3,Hy) = —1 #0,
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(o 8) = (b)) = (HyHy) = 3 #0.
See the for explicit descriptions of the matrices H; and H].

However, for all « € S(np) and S € S(ng, ), we do have the following four orthogonality statements, all of
which hold in aV:

(1) alep LB, () @ LBlag,, ) LB, (4) alf.

Note that these orthogonality statements give us four ways to construct a basis for aV that is a disjoint
union of (mutually orthogonal) bases for ay, and af; .

A.9 Failure to prove the orthogonality of p;, and pp

After our discussion of bases for cT}\Z and cT\C/;VP in and constructing bases for aV that can be written as a

disjoint union of (mutually orthogonal) bases for a and C?C/;; in we may (naively) hope that a proof
for the orthogonality of pg, and pp can be obtained relatively quickly using these fairly abstract results.

However, this approach fails, for although pg, can easily be shown to lie in af\(’; —since it is defined as the
sum of relevant characters in R(ng,.), all such relevant characters are sums of simple characters in S(np),

and the set S(ng,) is a basis for ay, ,—it is not straightforward to show that pp lies in ay. As mentioned

above, R(np) does not lie in a},, characters in R(np) are not expressible as linear combinations of elements

in S(np), and S(np) does not form a basis for a), in any case.

In retrospect, we should not be surprised at the failure of arguments neglecting to take into account the
highly structured nature of the situation, in particular the facts that gg, is a direct sum of copies of
50, (C), 1 <k <r+1 and that p, pg,, and pp reflect the structures of g and gg,..

B The “half-trace” p

B.1 Formulas for the “half-trace” p

The “half-trace” of the regular representation of a on n is defined as

_ 1 E
P = 2 ma& ,

a€R(n)
where m,, is the multiplicity of «, namely m, = dimg(n,). Note that for G = SL, (C), m, = 2 for all
a € R(n), so
SLn(C) Z
= a.

a€R(n)

We may write p in terms of the basis S(n) = {a; : 1 <i<n— 1} of a¥, using the fact that that every
a € R(n) is of the form o = 0 j = a; +--- + a1 for some 1 <i < j <mn.

n—1
p = Zi(n—i)ai.
i=1

Using this and the formula for a; in terms of the basis S(n)’ in we may also write p in terms of the
basis S(n)’ = {a} : 1 <i<n-—1} of a¥, which is dual to S(n),

p:QZa’.

a’eS(n)’
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B.2 That (p,a) =2 for all o € S(n) and an analogous statement for p,

First we show that, for a« € S(n), (p, ) = 2. This is obtained easily from the formula for p in terms of the
basis S(n)’ for a¥ which is dual to S(n); see Indeed, for any a = a;; € S(n),

(pya) = <2 Z a;, aj> = 2 Z <Oz;,01j> = 2.

aleS(n)’ aleS(n)’
We will show that an analogous result holds for pg,, namely: for any o € S(ng,), (pgp, ) = 2.

Note that the analogous statement for pp is false; see

The key observation is that gg, = sl,, (C) @ --- @ sl,, ., (C) and ag,, is the direct product of isomorphic
copies of the Iwasawa a-parts Ast,, of the sl,, (C) for 1 < k <r + 1. In order to avoid excessively
cumbersome notation, we denote these isomorphic copies as ay,...,a,41, so that

G, = Q@ Dapyq with ap =2 asr,, C sl (C) .

The matrices in a; are block diagonal, with all the blocks except the kth block being zero, and the kth
block being diagonal with trace zero.

Recall that
{H; : 1<i<n-—1,i#mg forany 1 <k <r}

and

7

{(H})ag, : 1<i<n—1,i#my forany 1 <k <r}

are bases for ag, that are dual to each other. See @ for explicit descriptions of the matrices in these
bases. We obtain bases for aj as subsets of these bases for ag, . For fixed k, the sets

B, = {Hi: mpy <i<my} and By = {(H))ag, : mr—1 <i<my}

are bases for ai that are dual to each other. Note that the matrices in %}, and e%’,; are block diagonal, with
each block except for the kth block being a zero matrix and the kth block of being of the same form (but
smaller size, namely nj x ny, instead of n x n) as the matrices in the bases # = {H,} and %' = {H]},
respectively, of a; see [A23]

Next we describe a basis for the isomorphic copy ay of a) in a¥. Recall that S(ng,) is a basis for the
isomorphic copy ag , of af,, inside a”; see and

Since every a € S(ng, ) is in the form «y, for 1 <7 <n—1 and ¢ # my, for any 1 < k < r, we may partition
S(ng,) as follows:

Sng,) = |_| Shgp)r, where Shgp)r = {ai : mp—1 <i<myi},
1<k<r+1

and S(ng, )k is a basis for a) C aV.

Moreover, since R(ng, ) consists of all the characters «; ; where i and j are in the same partition
I ={i : mp_1+1 <4 <my} of indices, we can partition R(ng, ) correspondingly,

R(“Gp) = |_| R(ngp)k where R(ngp)k = {Oéi,j D1, Eﬂk},
1<k<r+1

and every character in R(ng,)r is a sum of elements of S(ng, )k, since a; j = o + -+ + a;_1.
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In fact, the structure of S(ng, )i inside R(ng, ) is the same as the structure of the simple characters
inside the relevant characters for sl,,, (C). This motivates defining p € a) by

= ¥ o

a€R(Gp )k
and aiming to show:
nkfl nk,fl o
— — /
Pk = E K(nk — f)amk71+g = 2 E amk—1+l .
=1 =1

The proof of the first part of this formula is very similar to the proof of the corresponding formula in
To prove the second part of the formula, we need to write an arbitrary a; € S(ng,.)x in terms of a dual

basis for a) in a¥. Recall that for «; € S(n),
ap = —ajy + 20 — o,

where, in order to allow this formula to apply to ay and a,_1, we define afy = o, = 0. The isomorphism
V ~ .
a’ = a gives

H; = _Hz{fl + 2H7,( - 2(+17

where H{y = H], = 0,,. Thus we expect that for fixed & and for my_1 < i < my,

H; = —( z(—l)acp + 2(H£)aGP = ( ’(+1)aGP'

Indeed, given the observation above about the matrices in %), and 2, being zero except on the kth block,
where they are of the same form (but smaller size) as the matrices in & and %', respectively, the only
thing to check is that the formula holds in the boundary cases i = my_1 + 1 and i = my — 1. These cases

are easily verified, the key being that H), _ and H,, are both in ap, so their projections to ag, are zero.

Thus we have the corresponding formula for characters in a). For ¢ in the range mj_1 < i < my,

—
oy = _a§—1|ac;p + 2a;|acp - O/i+1|acp~

To simplify the notation, for fixed k, we let

—~

/ _ _
Agpe = lag, , where i=my_1 + L.

Thus {ag, , : 1 <€ <ng—1} is a basis for E}Z that is dual to S(ng, )k. Now we may prove the second
part of the desired formula follows from the first part.

With this all in place, we may now show that pq, satisfies the desired relation. Indeed,

r+1 r+1n;—1

PGp = Zpk = 22 Z O/Gp,é = 2 Z a;:|acp )
k=1 k=1 (=1 Qies(ncp)
so for all @ = a; € S(ng,),
(papra) = 2 > (alag,, @) = 2.
a;€S(ngp)

B.3 The analogous statement for pp is false

Given the discussion in the previous section, we may wonder whether (pp, ) Zoforallacs (np). If so,
then the fact that (p,a) = 2 for all @ € S(np) C S(n) would imply that (pg,,«) is zero for all @« € S(np),
and this would perhaps provide another avenue for trying to prove the orthogonality of pg, and pp. (See
) This approach is problematic for a variety of reasons. First we must remember that the relevant
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characters in R(np) cannot typically be written as sums of simple characters in S(np), and pp cannot be
written as a linear combination of elements of S(np). So showing that (pg,, ) is 2 for all & € S(np) would
not imply the orthogonality of pg, and pp.

We may still wonder, based on apparent symmetries between ap and ag,, if (pp, @) is equal to 2 for all
a € S(np). A quick look at an example shows that this is not true.

Consider G = SL5(C) and P = P32, Then
Rnp) = {oa14, a15, a4, 25, @34, azs} and  Snp) = {as}.
Thus for & = ag = az4 € S(np),

(pp,a) = (a1a,034) + (a15,034) + (24,034) + (a25,a34) + (Q34,034) + (35, 034)
= 14+0+14+0+2+1 =5 # 2.

We conclude this section by carrying out, to the extent that it is possible, a discussion for pp analogous to
the discussion of p and pg, in the previous section, [B:2] Recall that

pp = Z [0

a€R(np)

As noted above, the relevant characters a € R(np) are not (typically) sums of simple characters in S(np)
nor even linear combinations of such simple characters. However, the restrictions aq,., for & € R(np) can

be written as linear combinations of elements in S(np)|q,, and the corresponding linear extensions «/q, to

a that are zero on ag, can be written as linear combinations of elements in S(np)|q, C a”. Thus, although

it is not a priori clear that pp € a},, we can consider pp|q,, which is certainly in a},, and use what we know

about bases for cft\g to obtain formulas for pp|q,-

We begin with the observation that when we restrict relevant characters in R(np) to ap, there is quite a
bit of “collapsing” and what is left has a structure similar to the relevant characters for sl (C).

Thus we partition R(np) as follows. For 1 <k <r and k+1 <k <r+1,let R(np)gi be all
a;; € R(np) such that my_; < i < my and my—1 < j < my. Then

r r+1
R(np) = |_| |_| 'R(np)hk/.
k=1 k'=k+1

Note that the cardinality of R(np)gx is ng - ngs. When restricting to ap, R(np)g rr will “collapse,” i.e. for
all QG5 € R(np)k,k/,

P S

ai7j|aP = O‘mkﬂ’ﬂk/'llp ) S0 ai7j|l1P = amk,mk/|ap .

Denote this element of ;\IZ by ap .. Explicitly:

avg. of entries) B ( avg. of entries in >

OPRK = Cmimylar = <in kth block (K")th block

We can now write ppl|q, as

o r r+1 o r r+1
pPlap = E alap = E alap, = E E NN QP Jo k7 -
aER(np) k=1 k'=k+1 a€R(np)y k=1 k'=k+1
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Using the fact that
apik = Qpk + ... + apr—1,

arguments similar to those in the previous section, allow us to write pplq, in terms of elements ap, of

the basis S mp, as follows:

pplar = > mi(n—my)apy .
k=1

Recall from that we may write apy in terms of the dual basis S(np)’ for 512. Explicitly,

—_~—

apr = amk|‘1P = 7(%)04"1&‘71 + (%4» nk1+1)a;nk - (nk1+1)a;nk+1 .

Again, using arguments similar to those in we use this formula to obtain

r

pplar = Y (k4 nkyr) aly, -
k=1

In particular, it is clear that

e = Y cwa £2 Y

a’eS(np)’ o’'e€S(np)’

contradicting what one might naively suppose if one were to draw a false parallel with p and pg,..

As it turns out, pple, = pp. This is because pp is orthogonal to all & € S(ng), and S(ng) is a basis for

aré: , thus pp € (ctép)L = a},. We emphasize that this is not obvious from working directly with pp; the
proof relies critically on the fact that (p, o) = (pg,,a) = 2 for all & € S(ng,), and this in turn is proven
using the structural similarities between a and ag,.; see [3.2] and [B.2]

—_—

Thus we can write pp nicely in terms of the basis S(np)|a, = {apr : 1 <k <r} and its dual basis
S(np) ={a;,, : 1<k <1}, as follows:

T I

pp = Y mp(n—mi)apr = 3 (nk+ k1), .
k=1 k=1

From this we can show that, for & = a;,, € S(np), with 1 < ¢ <r,

T

{pp,a) = Z(nk+nk+1)<alynk70¢nu> = Mg+ Mgt
k=1

which is not typically equal to 2.
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