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Diamonds , Keus,
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Dec 2018 : /arBCS'/' Known Pr[mc)
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4.7 monts o write (2 d{‘?;%s/sec.)

Mersenne ’P\"\me, = MP = 2?-1 (5l Known)

*Euclid (c 350 BC) , perfect numlbers
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sum of Pproper divisors
is  itself
© =1+2t3

even pertect s 27 (27.1)
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(och perfect  numbers ?)

. Mersenne (c 1600)
Conj- @ which pr:‘mes P = Prime 2%
« GIMPS ‘ Greoat Internet Mersenne Prime
Search (199G — present)

- individuol volunteers downlvad
Sottware & run on computer

- |17 most recent Mersenne primes
Hunl in this waj
@Lowge_ Primes
How many Primes are +heve © OO'\lﬁ Moy,

How oare 'H‘\elj AistHri buted among, +he lh‘h’ﬁerx?
: Irﬂu\'ﬁve\ﬂ i less & less ﬁcrcqwd'

- M) = # primes £ X ( " staircase *)
i - Leger\o\re (1798)
| In X
s,




PF : Hadamard & de la Valée Poussin  ( 18%)

»

o .
, ?r\me N\AW\‘OEY' —rhemm
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waes X, a/nalﬂsis % Riemann & - foru .

'P\”obabil\'-\-j ot a large_ number N (8 Drime

How many prime ? NN

How many numhers 2 N

'Probabﬂﬂzj: obout N

d(%i‘\'s of N Proe. thed N is prime
0 4,34,
180 0. 434 %
(000 0 0434 ™
25 million .7 millionths
of o ]Dercent



Applicactions (dlespite Hardg )

Ceuptolo i He math of makr
Jpreedd ) breaK\'nﬂ codes i

-enc%pﬁon (RSA, El Gamal)
'P\’&C"'('Cod'ub » 1 _Fo_c-l-of

,'mPoSS

’PYOO{MC“- "K 2 [Mzt_ 'Pr,'me

+ PSeudo - random number 3enem’h>r5’ - OTP
2311159647 7

BRS : randomness <—»

OTP (one +me ]Daow, “ perfectly secure”®

@ Primal HB Te$-h‘r\6
- Fast, Pprobabalistic

- Tsolate o feature common To all primes;
Coll any number wy that feature a
« pseudo-prime’; its “Probably” prime.



- Ana\ogxﬁ * hair color, outhits
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Clock arithmetic

Mod (2 [10:00 + 3:00 = 1:00
o t 3 L med 12

Il

A wau of maKing the infinte Finite!
J Ng The y
71/12.-_—_- Z')Z)?’) 4,5, 6,78, 9, 10,11,12}

o USWK. PP’-‘F‘W ]
o instad of (2
Rwexs
Tn %6 ¢ 0,0,0,
[ I B
2,4, 1,2 .., 2°=8 =06+
3,3,3, 32=7=0+3
O Y= o = |2+ Y
5, 1,15, 1 5= 25 = g4+ |



Tn %47 ¢ D,
]

In 3en€ra\ (FeT), For b#0 in Z/'P
-P—l

(p Prime), b =1
Cortvagt © In Z/é, 2°=2+|.

Def A Fermat pPseuolo-prime base b is
o number n st b"'=1 medn

Ex n=34l, b

340

2

mod. 34|

N
[



So 34l s a t. ps-prime base 2

But 341 =13, so 34l is not prime

e
——

Note There is o fast algorithm For
exponentiation Mod n.

Sq/uowe_ “Roots of One

In 4/7 o, 0, O, ..., 0O,
',@l R T
2, 4, 1, 2, 4,1, ...
3,9, 6,4,5,1,3,9,.
N2, 1,4,2, 1,4, ..
s4, @,2,3 1,5, ..
() &, L, G, 1,0, ..
J
Onlﬂ square roots of one are 1 g G

However in Z/m,
52 =25=1 g 7T*=41= |

= 3q. voots of one are £ 1 g2+ 5
CLyoi) (5,7)



In genera\ - Tn Z/P CP 'Pr\'mQ,
x*=1 = o= *1

(Pv&hng +his 'J'Dge-\'her w FLT we 564-
another feature of primes.

Ex p=13
Br all b#D in %,
b= | (FLT)
(5)*
6 )
= b = - Dr b = |
(v°)
in which case
R L A
Summarize
for all b#0

either b>= %] mok I3
or bP=-1 mod 3



Genevralize .

CXPonanc
b2 =| «— P-1| Wwore
© / \ e Pl
%= -1 or b= | — 5
-t
\03"—-' —| oY ‘03-_- \ &— :%-_
odd.

—_—
—_—

- Givene oo prime P
- Subtract 1 ¥ Ffachke out 2
Pt = (p0/2 = (pDM4—> ..

- (p-DN/2°= m  odd
= 'P—l = 2 m
. For any b+0,

either b = T mod. p

P

or bzm?--l moolp for some v =S

Def Tor an odd pumber n, with s &m



8\ven bg n-\ =2 m (m odd), +he
Number 1N is Q& SJn”onﬂ Pseudopﬂme base b
£ either bM =% modn

]
or BE™=-1 mod n Jor some r<s.

Moreover : Tf n is composite, about /4
of +he bases will be winesses o this fact!

Miller - Raboin Test
Given an odd irﬂ?ger N, choose Kk random
infges  in the range [<b< N-I, if N
S a strong pseudoprime for each chosen
base b, then N i8S probablg prime , with
*Pro\r.)a.bilﬂh |- (V"
Note : > W% certain
> 99 % Certain
> 99972 certain

)

)

R=2
k=4
R=5,

very certain, very fast /

@ Proving Pri mal\'+h

For Iarge N, oo not a#em}m‘ unless
alread5 quite  certain thet N s Prime.



Lucas - Lehmer Test  (for Mersenne pn‘mes\

Mp =2F-1 , p prime
Define  8equence  8,, §y,.. recursively:
red,
SD= ) gn = Si-—] f;Od MP Cr\Z(B

M\’ prime ~ Spa2= O mod Mp

Lucas - 'Pocl(ling‘\m- Lehmer Test N large , oddk

N-1= K- - N
7 K___ | unKnown factz'vw

Known facteri zation
(divide out small

Prinies From N—l)

want (K> N )

Let PP By be the Pprimes d\'Vl‘o\ing K.

Suppose +Hhat for each index [ wy 1£i€4,
+there is o base b; s.t.
-1 WN-D /9,
B =1 med N bt gedby ti, N)=I

Then N is prime.



L P malﬂ:j Cerhficate

K, %, Tpy o Py Fbis, by

Conshruch ng Lame Primes

Given 2 Iarﬁe primes (aftermpt) 1> construct
O loxger one.

- M, N lage  primes

* LooK among
2MN+ ) YMN+L, GMN+, .,

wnhl one passes MRT

\I/ HUGE &
n = 2k M\ +| « Proba\o\5 ‘Pr\'me“

- | PL Test : n-1 = 2k MN
f teasy % factyx
HUGE inf> primes !

find bases Hfor each prime olivid{ng n-l ...



® The Riemann HSPO‘H\eS(S

TRiermann  (1858)

&ls) = Z-r‘\_S , ~or

S COmplex

numloer

o0 | rﬂ"'
n EQ=72 ™= & (Euler)

n=
|

gé?b = Z 'r’\"'a < o0
n=1

T _ irrational

Apery'S number
guarrtum 6I€C'hmdtjnamfcs

but LD would be ?Z o
N=I

I =

W“"l‘%' harmenic Series;

<"w dl'\/erges

1

. _ ' _ fund. Thm. of
Prime

Hadamard Product : /(3 . P =0

Es) = .. product of (s-p)s .




Riemann exp\\'c(+ formule maKfnj connechon
primes +—> zews of

RH Probololy .. p =2ttt e -L-?

Note "PNT was proven using 2Zews of £

RH & opfimal eror form D PNT

But No proof of RH yet ..
one of maths most p. @’s.



