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AN EXACT FORMULA RELATING LATTICE POINTS IN
SYMMETRIC SPACES TO THE AUTOMORPHIC SPECTRUM

AMY T. DECELLES

ABSTRACT. We extract an exact formula relating the number of
lattice points in an expanding region of a complex semi-simple
symmetric space and the automorphic spectrum from a spectral
identity, which is obtained by producing two expressions for the
automorphic fundamental solution of the invariant differential
operator (A — A;)”. On one hand, we form a Poincaré series
from the solution to the corresponding differential equation on the
free space G/K, which is obtained using the harmonic analysis
of bi- K-invariant functions. On the other hand, a suitable global
automorphic Sobolev theory, developed in this paper, enables us
to use the harmonic analysis of automorphic forms to produce a
solution in terms of the automorphic spectrum.

1. Introduction

The simplest lattice-point counting problem is the Gauss circle problem,
counting lattice points within a circle in the Euclidean plane. Elementary
packing arguments yield

(1.1) N(T)=#{c€Z?: || <T}=n-T>+0(T).

Determining the optimal error term, conjectured to be O(T1/2+5)7 is a topic
of active research [14], [15]. In the hyperbolic plane, where the circumference
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of a circle is proportionate to its area, packing arguments fail to produce an
asymptotic with error term. Subtler methods have produced asymptotics for
lattice-point counting in hyperbolic spaces; see [2], [18], [20]. In affine sym-
metric spaces, ergodic methods have produced asymptotics for lattice point
counting, e.g. [1], [5], [6], [17]. Gorodnik and Nevo [13] give a good exposition
of ergodic methods and lattice-point counting.

In contrast, spectral methods produce an ezact formula relating the num-
ber of lattice points in an expanding region and the automorphic spectrum.
Instead of expressing something mysterious in terms of something familiar,
this formula, like the explicit formula of Riemann-von Mangoldt, which re-
lates the prime numbers to the zeros of zeta, gives a relationship between
two mysterious things; its appeal lies not in its utility for evaluation of one
side, but rather in that it reveals a connection between seemingly disparate
things.

Instead of using trace formula methods, we obtain a spectral identity from
a differential equation on the arithmetic quotient X = I'\G/K. This of-
fers the possibility of operating under somewhat different hypotheses than
one would usually take when using trace formula or relative trace formula
methods: while trace formulas work best with very smooth data, the appli-
cations to asymptotics of L-functions that we have in mind (see [3]) use a
Poincaré series whose data is not smooth nor compactly supported. On the
other hand, our approach necessitates a more careful treatment of analytic
issues.

We obtain a spectral identity by producing two different expressions for
the solution of the following differential equation on the arithmetic quotient
X =I\G/K:

(1'2) (A_/\z)yvz :5moa

where the Laplacian A is the image of the Casimir operator for g, A\, a complex
parameter, v an integer, and d,, = dr.1.x the Dirac delta distribution at the
basepoint in I'\G/K. On one hand, we form a Poincaré series from the
solution to the corresponding differential equation on the free space G/K,
obtained using the analysis of bi-K-invariant functions [3]. On the other
hand, a global automorphic Sobolev theory produces a solution in terms of
the automorphic spectrum. For a sketch of this discussion for SLy(C)/SU(2),
see [9].

2. Global automorphic Sobolev theory

2.1. Parametrization of spectrum, spectral transform and inversion.
The spectral theory of automorphic forms decomposes square integrable au-
tomorphic forms in terms of eigenfunctions. For succinctness, we restrict our



LATTICE POINTS AND THE AUTOMORPHIC SPECTRUM 807

attention to automorphic forms that are spherical at infinity and have trivial
central character. Though the automorphic spectrum consists of disparate
pieces (cusp forms, Eisenstein series, residues of Eisenstein series) it will be
useful to have a uniform notation. We posit a parameter space = with spec-
tral (Plancherel) measure d¢ and let ®¢ denote the elements of the spectrum.
The general spectral theory (see, for example, [16], [19]) implies the follow-
ing.

For test functions f on Gi\Ga, the spectral transform F : C2°(Gp\Ga) —
CYE) by f — (f,®¢), where (-,-) is the usual L? inner product, extends to
an isometry

(2.1) F: LA(ZyGi\Gu/Ko) — L*(Z).

On compactly supported continuous functions, the inverse map is given by an
integral formula, and there is an inversion formula

(2.2) rE / FFE)De de

converging at least for test functions on ZyGr\Ga.

Since the critical issues for applications arise at the archimedean place, we
will consider global archimedean spherical automorphic Sobolev spaces. For
a discussion of global automorphic Sobolev spaces for SLy(C), see [10].

2.2. Characterizations of Sobolev spaces. Let G be a semi-simple or
reductive Lie group with discrete subgroup I' and maximal compact subgroup
K, and let X be the arithmetic quotient I'\G/K. We define positive index
global archimedean spherical automorphic Sobolev spaces as right K-invariant
subspaces of completions of C2°(I'\G) with respect to a topology induced by
seminorms associated to derivatives from the universal enveloping algebra,
as follows. Let Ug=’ denote the finite dimensional subspace of the universal
enveloping algebra Ug consisting of elements of degree less than or equal to £.
Each a € Ug gives a seminorm v (f) = [|af|[72p gy on C(I\G).

DEFINITION 2.1. Consider the space of smooth functions bounded with
respect to these seminorms:

(2.3) {feC™(\G) : vof < oo for allaGUgg}‘

Let HY(I'\G) be the completion of this space with respect to the topology
induced by the family {v, : o € UgS*’}. The global archimedean spherical
automorphic Sobolev space H*(X) = H*(I'\G)X is the subspace of right-K-
invariant functions in H*(I'\G).

PROPOSITION 2.1. The space of test functions C°(X) is dense in H'(X).
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Proof. We approximate a smooth function f € H(X) by pointwise prod-
ucts with smooth cut-off functions, as follows. Let {n,} C C*(T'\G) be a
family of left N-invariant, right K-invariant smooth cut-off functions with
supgep\ g | (9)| < 1 for all v € Ug=", where the implied constant does not
depend on the support of 7, but may depend on ¢. By definition, v, (n, - f —
H=Ivn - f— f)||2LQ(P\G). Leibnitz’ rule implies that v(n,, - f — f) is a finite
linear combination of terms of the form a(n, — 1) - Bf where o, 8 € Ug=’.
When deg(a) =0, ||a(n, — 1) - Bf”%?(r\c) is estimated by the integral of
|3f|? outside of the region on which 7, = 1. Otherwise, a(n, — 1) = an,, and
la(nn —1) 'ﬂf”%z(r\c) is estimated by the integral of |3 f|? outside the support
of 1,,. All of these integrals approach zero as n — oo, since f € H(X). Since
there are only finitely many S that appear as a result of applying Leibnitz
rule, v (n, - f — f) also approaches zero as n — co. O

PROPOSITION 2.2. Let Q) be the Casimir operator in the center of Ug. The
norm ||-||2¢ on C°(T\G)X given by

24)  fIBe= AP+ [ =)+l — @2 f )"+ + =) "

where ||-|| is the usual norm on L*(T'\G), induces a topology on C°(I'\G)¥E
that is equivalent to the topology induced by the family {vo : o € UgS%} of
seminorms and with respect to which H*(X) is a Hilbert space.

Proof. Let g =p + ¢ be the Cartan decomposition of g, and let {X;} be
a basis for g. Then Q =5, X;X. Let Q, and Q¢ denote the subsums
corresponding to the subspaces p and ¢ respectively. The set ¥ of possible
K-types of ~f, for v € Ug=’, is finite. Let )\, denote the Q¢-eigenvalue of a
function of K-type o, and let C' be a number greater than the maximum value
of {\s: 0 € X}. By the Poincaré-Birkhoff-Witt theorem, we may assume «
is a monomial of the form a=x1 - xny1 - Ym Where z; € p and y; € . For
feCeM\a)x,

(2.5)  wvaf=(af,af)rzm\e) =(T1 - wnfiz1 o Tnflrzme) (T €D).

LEMMA 2.1. For ¢ € C°(T\G) and o=z -+ -z, a monomial in Ug with
T; €,

(2:6) (o, a0) < (=2 +C)"0, ),
where (-,-) is the usual inner product on L?(I'\G).

Proof. We proceed by induction on n =dega. For n=1, a=x € p. Let
{X;} be self-dual basis for p such that X; = . Then,

2.7)  (zp,zp) < Z<Xi90aXi§0> = Z(X?%@

= (—Qp0,0) = (-2 + Qe)p, ) < (=2 + C)p, 0).
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For n > 1, write a = z7y, where z =x1 and v =x5---x,. Then, by the above
argument, (zyp,zyp) < (—Q 4+ C)vp,vp). Since the operator —Q + C' is
a strictly positive symmetric unbounded operator, there is an everywhere
defined inverse R, by Friedrichs [7], [8], which is a positive symmetric bounded
operator, and which, by the spectral theory for bounded symmetric operators,
has a positive symmetric square root VR in the closure of the polynomial
algebra C[R]. Thus —Q + C has a symmetric positive square root, namely
(1 —VR), commuting with all elements of Ug. Thus,

(2.8) {((=Q+ C)vp,v¢) = (W—=Q+ Co,7V—Q+ Cyp).

By inductive hypothesis,

(2.9) (W= +Cp, V-0 +Cop)
<{((=Q+ 0" V=Q+Cp, V-0 +Cp)
= <(—Q + C) o, Lp>.

This completes the proof of the lemma.

Thus, for any « € Ug, there is a constant C, possibly depending on the
degree of a, such that v,(f) < ((=Q + C)de2f, f) for all f € C=(T\G)E.
In fact, for right K-invariant functions, (— + C)d€% f = (—Q,, + C)desf,
Since €, is positive semi-definite, multiplying by a positive constant does
not change the topology. Thus, we may take C'=1. That is, the subfamily
{Vo : = (1 - Q)% k < ¢} of seminorms on C°(I'\G)X dominates the family
{vg : @ €UgS?**} and thus induces an equivalent topology. d

It will be necessary to have another description of Sobolev spaces. Let
(2.10)  W(I\G)={f e L*T\G): af € L*(T\G) for all a € Ug="},

where the action of g on L*(I'\G) is by distributional differentiation. Give
W24T\G) the topology induced by the seminorms v, f = ||O‘f||%2(r\c)> o€
UgSt, and let W2!(X) be the subspace of right K-invariants.

PROPOSITION 2.3. These spaces are equal to the corresponding Sobolev
spaces:

(2.11) W2HT\G) = HY(T\G) and W**(X)=H'(X).

Proof. Tt suffices to show the density of test functions in W2¢(I'\G). Since
G acts continuously on W24(I'\G) by right translation, mollifications are
dense in W2¢(I'\G); see Section 2.5. By Urysohn’s Lemma, it suffices to
consider mollifications of continuous, compactly supported functions. Let
n € C®(G) and f € CO(I'\G). Then n- f is a smooth vector, and for all
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aelUg, a-(n-f)=(Lan) - f. For X € g, the action on 7 - f as a vector
is

@1 g wn=g| e [ ra
0
== t_O/Gn(g) (9e'™) - f dg.

Now using the fact that f is a function and the group action on f is by
translation,

219) (-0 =5 [ areo)dg= 5

Thus the smoothness of - f as a vector implies that it is a genuine smooth
function. The support of n - f is contained in the product of the compact
supports of  and f. Since the product of two compact sets is again compact,
n - f is compactly supported. O

(n- F)(he'™).

t=0

REMARK 2.1. By Proposition 2.2, H*(X)=W?22?/(X) is a Hilbert space
with norm
2
(2.14) I£113e = LA + [ (1= f "+ + (| (1= ) f]

where ||-]| is the usual norm on L?(I'\G), and (1 — Q)*f is a distributional
derivative.

2
’

2.3. Spectral transform, inversion, and differentiation on Sobolev
spaces.

PROPOSITION 2.4. For £ >0, the Laplacian extends to a continuous linear
map from H?>*F2(X) to H*(X); the spectral transform extends to a map on
H*(X); and for every f € H¥**2(X), F(1 - A)f)=(1—X¢) - F.

Proof. By the construction of the Sobolev topology, the Laplacian is a con-
tinuous linear map from C>™(T'\G) N H2*2(I'\G) to C=(I'\G) N H*(T'\G).
Since the Laplacian preserves right- K-invariance, it extends to a continuous
linear map, also denoted A, from H?*2(X) to H?*(X). The spectral trans-
form, defined on C2°(T'\G)¥X by the integral transform, extends by continuity
to H*(X). This extension agrees with the extension to L?(X) coming from
Plancherel. By integration by parts, F(Ag) = \¢ - Fo, for p € C=(T'\G)E,
so by continuity, F((1—A)f)=(1—X¢) - Ff for all f € H*2(X). O

Let p be the multiplication map p(v)(§) = (1 — A¢) - v(€) on functions on =.
For /¢ € Z, the weighted L?-spaces V2 = {v measurable : u‘(v) € L%(Z)} with
norms

(2.15) ol = ) ey = (1= A0 [ol6)] de
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are Hilbert spaces with V2/*2 c V2 for all £. In fact, these are dense inclu-
sions, since truncations are dense in all V?*-spaces. The multiplication map
v is a Hilbert space isomorphism g : V22 — V2 since for v € V+2,

(216) H:LL(U)HVM = H,L/JFI(U)HL‘Z(E) = ||U||V2£+2'

The negatively indexed spaces are the Hilbert space duals of their positively
indexed counterparts, by integration. The adjoints to inclusion maps are
genuine inclusions, since V2¢+2 < V24 is dense for all £ > 0, and the adjoint
map p* : (V26)* — (V242)* is the multiplication map p: V=26 — V—26-2,

PROPOSITION 2.5. For ¢ > 0, the spectral transform F is an isometric
isomorphism H2?‘(X) — V2t

Proof. On compactly supported functions, the spectral transform F and its
inverse F ! are given by integrals, which are certainly continuous linear maps.
The Plancherel theorem extends F and F~! to isometries between L?(X) and
L?(Z). Thus, F on H?(X) is a continuous linear L?-isometry onto its image.
Let f € H?*(X). By Proposition 2.3, the distributional derivatives (1 — A)* f
lie in L?(X) for all k <¢. By the Plancherel theorem and Proposition 2.4,

@17) (= 8] oy = (0 = B ) ey = 1= 2 F ey

Thus, F(H*(X)) c V?*. The following claim shows that F~1(V?2%) C
H?'(X), completing the proof of the proposition.

CLAIM. For v € V¥, the distributional derivatives (1 — A)*F~1v lie in
L3(X), for all 0 <k <{.

Proof. For test function ¢, the Plancherel theorem implies
(2.18) (1-A)F w)e=F v((1-A)p) =v(F(1-A)p).
By Proposition 2.4 and the Plancherel theorem,

(219)  v(F(L=A)p) =v((1—Ae) - Fo)
=((1=X¢) 0)(Fo) =F (1= A¢) - v)e.

By induction, we have the following identity of distributions: (1 —A)¥F~1y =
FH(1 = Xe)*v). Since F is an L%-isometry and (1 — A¢)*v € L2(E) for all
0<k<{ (1—A)FF tyliesin L3(X) for 0 <k < L. O

REMARK 2.2. This Hilbert space isomorphism F : H?!(X) — V?¢ gives a
spectral characterization of the 2¢ th Sobolev space, namely the preimage of
V2 under F.

(2.20) H*(X)={feL*X): (1-X)" - Ff(&) € L*(Z)}.
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2.4. Negatively indexed Sobolev spaces and distributions. The the-
ory of negatively indexed Sobolev spaces allows the use of spectral theory for
solving differential equations involving certain distributions.

DEFINITION 2.2. For £ > 0, the Sobolev space H~¢(X) is the Hilbert space
dual of H*(X).

REMARK 2.3. Since the space of test functions is a dense subspace of H*(X)
with ¢ > 0, dualizing gives an inclusion of H—¢(X) into the space of distribu-
tions. Similarly, the adjoints of the dense inclusions H* < H*"! are literal
inclusions H—*1(X) < H~*(X). The self-duality of H°(X) = L?(X) implies
that HY(X) < H'! for all £ € Z.

PROPOSITION 2.6. The spectral transform extends to an isometric isomor-
phism on negatively indeved Sobolev spaces F: H=2 — V=2t and F((1 —
Au) = (1—X¢) - Fu for any u € H*(X), L € Z.

Proof. To simplify notation, for this proof let H?* = H?*(X). Propositions
2.4 and 2.5 give the result for positively indexed Sobolev spaces, expressed in
the following commutative diagram,

A N N
(2.21) S - e I R e I
Fl= Fl~ Flx
H V4 H V2 H VO

where p(v)(§) = (1 — A¢) - v(€), as above. Dualizing, we immediately have the
commutativity of the adjoint diagram.

(1-4)" (1-4)" (1-4)"

(2.22) (H)* (H?)* (HY)*

Fr = Fr|= Fr |~

* * *

(VO —F = (V72) — s (V)

The self-duality of L? and the Plancherel theorem allow the two diagrams to
be connected.

(223) a-4) HA a-2) H? (1-4) HO (1-4A)" 5 (1=2)7 H74(17A)*
V4 ~ V4
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Since V2/t2 is dense in V* for all £ € Z, and H?* ~ V* for all ¢ € Z, H?!+?
is dense in H?* for all ¢ € Z. Thus, test functions are dense in all the Sobolev
spaces. The adjoint map (1 — A)* : H=2¢ — H~%=2 is the continuous exten-
sion of (1 — A) from the space of test functions, since, for a test function ¢,
identified with an element of H~2¢ by integration,

(2.24) (1= A M) () = A (1= A)f) = (0, (1= A))

= (1 - Q). ) =Aa-ay(f)
for all f in H2‘*2 by integration by parts, where A, is the distribution as-
sociated with ¢ by integration and (-,-) denotes the usual inner product on

L?(X). The map (F*)~!' on H~% is the continuous extension of F from the
space of test functions, since for a test function ¢,

(2.25) (FAre) (f) = Aro(Ff) = (Fo, Ff)vee = (¢, fmze = Mo (f)

for all f € H?*. Thus, the following diagram commutes.

(2.26) (78) pra U78) o 078) o 074 p (174) JRCEVN
fl/z Tl% flz }'\L% }'lz
1% V4 K VQ H VO 14 V_2 n V_4 m

In other words, the relation F((1 — A)u) = (1 — A¢) - Fu holds for any w in a
Sobolev space. O

DEFINITION 2.3. For a smooth manifold M, the positively indexed local
Sobolev spaces Hléoc(M ) consist of functions f on M such that for all points
x € M, all open neighborhoods U of x small enough that there is a diffeo-
morphism @ : U — R™ with Q = ®(U) having compact closure, and all test
functions ¢ with support in U, the function (f-¢)o®~1: Q — C is in the
Euclidean Sobolev space H*((2).

Recall the Sobolev embedding theorem for local Sobolev spaces. For a
smooth manifold M, HLF(M) c C*(M) for £ > dim(M) /2.

loc

PROPOSITION 2.7. For {>dim(G/K)/2, H'"*(X) c C*¥(G/K).

Proof. Since positively indexed global Sobolev spaces H’(X) lie inside
the corresponding local Sobolev spaces, H*(X) C Hf _(G/K), and by local
Sobolev embedding, H{ .(G/K) C C*(G/K). O

This embedding of global Sobolev spaces into C*-spaces is used to prove
that the integral defining spectral inversion for test functions can be extended
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to sufficiently highly indexed Sobolev spaces, that is, the abstract isomet-
ric isomorphism F~!o F: HY(X) — H*(X) is given by an integral that is
convergent uniformly pointwise, when ¢ > dim(G/K)/2, as follows.

PROPOSITION 2.8. For f € H*(X) , s > k+ dim(G/K)/2,
(2.27) f:/_Jff(g)@5 d¢ in H*(X) and C*(X).

Proof. Let {E,} be a nested family of compact sets in E whose union is
all of 2, x,, be the characteristic function of =,, and f,, be given by the
C>°(X)-valued Gelfand—Pettis integral (see Section 2.5)

(2.28) fo= / Xn(E)FF(€)D¢ de.

Since x,(&)Ff(€) is compactly supported, f, = F 1(xn - Ff). Thus, by
Proposition 2.5,

(2.29) 1o — Fllire6y = | tm = xom) - F £l
Since F f lies in V?, these tails certainly approach zero as n,m — oo. Similarly,
(2.30) an_fHHS(X):H(Xn_l)']:f"/s—)0 as n — 0o.

By Proposition 2.7, f, approaches f in C*(X). O

The embedding of global Sobolev spaces into C*-spaces also implies that
compactly supported distributions lie in global Sobolev spaces, as follows.

PROPOSITION 2.9. Any compactly supported distribution on X lies in a
global Archimedian spherical automorphic Sobolev space. Specifically, a com-
pactly supported distribution of order k lies in H*(X) for all s > k+dim(G/
K)/2.

Proof. A compactly supported distribution w lies in (C*°(G/K))*. Since
compactly supported distributions are of finite order, u extends continuously
to C*(G/K) for some k > 0. Using Proposition 2.7 and dualizing, v lies in
H~HR) (X)), for £ > dim(G/K)/2. O

REMARK 2.4. In particular, this implies that the Dirac delta distribution at
the base point z, =I'-1- K in ['\G/K lies in H—*(X) for all ¢/ > dim(G/K) /2.

PropPOSITION 2.10. For a compactly supported distribution u of order k,
(2.31) Fu=u(®¢) in V" where s >k + dim(G/K)/2.

Proof. A compactly supported distribution u of order k lies in H~* for any
s>k+dim(G/K)/2. Let f be any element in H*(X). Then,

(2.32) (Ff, Fupvexy-s = (f,0) gs s = u(f).
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Since the spectral expansion of f converges to it in the H*(X) topology by
Proposition 2.8,

(2.33) u(f) u<liTILn/

Ff(&)®, df) = liTanu<

Since the integral is a C°(X)-valued Gelfand—Pettis integral (see 2.5) and u
is an element of (C*°(X))*,

(2.34) u( /: FHE)% d&) - /: Ff(euee)de

The limit as n — oo is finite, by comparison with the original expression which
surely is finite, and thus

(2.35) (Ff, Fu)ysxy-s = /:]-"f(f)u(ég)dﬁz <]:f’“(6€)>v‘5xv—5'

Thus, Fu =u(®¢) as elements of V~%. O

Ff(&)Pe df)-

S =,

REMARK 2.5. This implies that the spectral transform of the Dirac delta
distribution is Fé = ®¢(z,).

2.5. Gelfand—Pettis integrals and mollification. We describe the vector-
valued (weak) integrals of Gelfand [12] and Pettis [21] and summarize the key
results; see [11]. For X, p a measure space and V a locally convex, quasi-
complete topological vector space, a Gelfand-Pettis (or weak) integral is a
vector-valued integral C¢(X,V) — V denoted f — Iy such that, for all @ € V*,

(2.36) a(ly) :/ ao fdu,
b'e
where this latter integral is the usual scalar-valued Lebesgue integral.

REMARK 2.6. Hilbert, Banach, Frechet, LF spaces, and their weak duals
are locally convex, quasi-complete topological vector spaces; see [11].

THEOREM 2.1. (i) Gelfand—Pettis integrals exist, are unique, and satisfy
the following estimate:

(2.37) Iy € p(spt f) - (closure of compact hull of f(X)).

(ii) Any continuous linear operator between locally convex, quasi-complete
topological vetor spacesT : V — W commutes with the Gelfand—Pettis integral:

T(1f)=Iry.

For a locally compact Hausdorff topological group G, with Haar measure
dg, acting continuously on a locally convex, quasi-complete vector space V,
the group algebra C2(G) acts on V' by averaging:

(2.38) n-v :/Gn(g)g “vdyg.
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THEOREM 2.2. (i) Let G be a locally compact Hausdorff topological group
acting continuously on a locally convex, quasi-complete vector space V. Let
{1i} be an approzimate identity on G. Then, for any v €V, ;- v — v in the
topology of V.

(ii) If G is a Lie group, the space V™ of smooth wvectors is dense in V,
since for a smooth approximate identity {n;} on G, the mollifications n; - v
are smooth. In particular, for X €g, X - (n-v)=(Lxn)-v

REMARK 2.7. For a function space V', the space of smooth vectors V*° is
not necessarily the subspace of smooth functions in V. Thus, Theorem 2.2
does not prove the density of smooth functions in V.

3. Lattice points and the automorphic spectrum:
An exact formula

Now we return to the problem posed at the beginning of the paper: ex-
pressing the relationship between the number of lattice points in an expanding
region in a symmetric space to the automorphic spectrum in an exact formula.

3.1. Gauges on groups and convergence of Poincaré series. We re-
call some general facts about gauges on groups and convergence of Poincaré
series. See [22] or Appendix 1 of [4]. For a countably-based, locally compact
Hausdorff, unimodular group G with compact subgroup K, a gauge g — | g||
is a continuous positive real-valued function on G such that:

(i) llell=1, [lgll =1, and [lg="|| = [lg-

(ii) Submultzplzcathty llghll < gl - IRl

(iil) K-invariance: ||k-gll =gl = llg - k|-

(iv) Integrability: for some o, > 0,

1
(3.1) / ~dg<oo (for o >o0,).
a gl
General reductive groups have gauges, and on GL,, they admit a particu-

larly simple description, in terms of the operator norm:

(3.2) lgll = max(lglop, |97 |,,)  Where |glop = s lg - .
z|<1

DEFINITION 3.1. If convergent, the Poincaré series associated to a function
fon G is

(3.3) Pér(g)=> f(v-9)

~ver

PROPOSITION 3.1. (i) For a discrete subgroup T'C G,
1
(3.4) Y —= <o (foro>0,),
2Tl

where o, is the power describing the integrability of the gauge.
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(ii) If there exists o > 0,, such that |f(g)| < ||g||=%, then the Poincaré
series associated to f converges absolutely and uniformly on compact sets.
Moreover, |Pés(g)| < ||g]|7 for all o > o,.

(iii) If there exists o > o, such that |f(g)| < |lg||=2?, then the Poincaré
series associated to f is square integrable modulo ', that is,

(3.5) /F\G|Péf(g)|2dg<oo.

3.2. Spectral identity: Expressions for the automorphic fundamen-
tal solution for (A — \.)”. Let G be a complex semi-simple Lie group with
finite center and K a maximal compact subgroup. Let G=NAK,g=n+a+¢t
be corresponding Iwasawa decompositions. Let 3 denote the set of roots of g
with respect to a, let ¥ denote the subset of positive roots (for the ordering
corresponding to n), and let p = % D a esit Ma @, M denoting the multiplicity
of a. Let af: denote the set of complex-valued linear functions on a. Let I' be
a arithmetic subgroup. Let ®¢ be a spectral basis for L?(I'\G) in the sense
of Section 2.1. Consider the differential equation on the arithmetic quotient
X =T\G/K:

(3.6) (A= X) v, =0y,

where the Laplacian A is the image of the Casimir operator for g, A, = 2% —|p|?

for a complex parameter z, v is an integral power, and d,, = dr.1.x is Dirac
delta at the basepoint in I'\G/K.

PROPOSITION 3.2. For integral v > (dim X)/2, v, is a continuous right-K -
invariant function on T\G with the following integral representation:

56 (o)
(Ae = A2)”
Proof. Since §,, is a compactly supported distribution of order zero, by
Proposition 2.9, it lies in the global automorphic Sobolev spaces H (X)) for

all £> (dim X)/2. Thus there is an element v, of H*+2"(X) satisfying this
equation. The solution v, is unique in Sobolev spaces, since any w, satisfying

(3.8) (A=) w, =6y,

(3.7) v2(9) = De(g) d€.

T

must necessarily have the same spectral transform. For v > (dim X)/2, by
Proposition 2.7, the solution is continuous, and by Proposition 2.8,

(3.9) /;Euz )®e(g) dé = /(if(m;)) e (g) de. -

Let u, denote the solution to the differential equation on the free space
X =G/K:

(3.10) (A= \) s =61k
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This free space solution, described in the following theorem, is computed
explicitly in [3].

THEOREM 3.1. When G is of odd rank and v = (n+1)/2 +d, where d is
the number of positive roots, counted without multiplicities, and n is the rank,

a(loga) e #|logal
3.11 Ca- . ,
( ) g+ 9 SlIlh a(log a) ) z

where Cq is an explicit constant depending on the group G. When G is of
even rank and v= (n/2) +d+1,

a(loga) |logal
3.12 Cq- . - Ky (z|logal),
( ) a£[+ 2Slnh loga)) > 1( ‘ |)

where K1 is the usual Bessel function.

PROPOSITION 3.3. For Re(z) > 1, the Poincaré series
(3.13) Pé,(g Z uz (y
yel’

converges absolutely and uniformly on compacts to a continuous function on
I\G/K. Moreover, it is of moderate growth, and it is square-integrable mod-
ulo T

Proof. By Proposition 3.1, it suffices to show that the free-space funda-

mental solution u, is of sufficient rapid decay. Let ||-|| be the gauge on G with
0, > 0 such that
1
(3.14) / ~dg<oo (for o >o0,).
c llgll

Note that the product over positive simple roots is bounded, so it suffices to
show that there is a 0 > o, such that |loga|-e~ Re()Iogal « ||| =7, We claim
that |log,4(a)| and log(||a||) are comparable. On diagonal matrices (a;), the
gauge is ||(a;)|| = max;<;<,{a;,a; '}. Taking logarithms,

(3.15) log (||(a:)]]) = = max {lloga;|}  (¢*°-norm on a).

On the other hand,

n 1/2
(3.16) |log 4 a|l = (Z(log ai)2> (¢*-norm on a).

i=1

The usual comparison:

. 1/2
1
(3.17) T max {|loga;|} < (Z(logai)2> < 1rélia£<n{|logai|}

1<i<n ‘
i=1
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allows us to conclude that w, is of sufficient rapid decay, as follows:

o~ Re(2)|logal _ __ll0gal
(3.18) ‘uz(G/)‘ < |logal-e = (ellogal)Re(z)
log(|lal] 1
< Jalpe S JafRe—1-

REMARK 3.1. For the case G =S5Ly(C),
7’767(2271)“’

(3.19) Pé.(1)=) (

= 2z —1)sinhr,

where 7, is the Cartan radius of 7. Thus e~ (2*=U7 is the —(2z — 1)th power
of the length of the arc from the basepoint z, =1- K to its image v - z,. On
the quotient, this arc becomes a closed geodesic, and the sum over I is closely
related to the Selberg zeta function associated to I'.

THEOREM 3.2 (Spectral identity). For Re(z) > 1,

(3.20) Péz(g):/:de (uniformly pointwise),

where u, is the free-space fundamental solution in Theorem 3.1. In particular,
when G is of odd rank,

(3.21) Y Ce- a(H(y-g)) e =H09)

= aexn+t 2Sinh(a(H(2Tg))) z

[ Be(e,) - Delg)
‘/~ Oe -y ©

and when G is of even rank,

32) o T 20t - O ke )
yel aeXt 11 2

:/ De(o) - Pe(9)
= ()‘E_)‘Z)V

where H(g) is defined by g=k-exp(H(g)) - k', for k, k' € K.

[1

dg,

Proof. By Proposition 3.3, the Poincaré series Pé, is an automorphic funda-
mental solution for (A —\,)” in L?(I'\G/K) = H°(T'\G/K). By the unique-
ness of solutions in Sobolev spaces, Pé, = v, in an L?-sense. But both func-
tions are continuous, so by the uniqueness of continuous functions in an L2-
equivalence class, Pé, = v, in C°(I'\G/K). O
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We refer to the sum over I' as the geometric expression of the automorphic
fundamental solution and the integral over = as the spectral expression of the
same.

3.3. Explicit formula for smoothed lattice-point counting. To extract
tangible information from this spectral identity, we use the following well-
known variant on the classical Perron method, which has the virtue of absolute
convergence.

LEMMA 3.1.

1 o+iT esX
2 — d
(3:23) o /T G020 (10"

(1 670X I3

{QTE)JFOJ(%) if X >0,

oX

Og(m) ZfX<0

THEOREM 3.3. For a complex semi-simple Lie group G of odd rank, with
mazimal compact K and a co-compact lattice T', the number of lattice points
within an expanding region of the basepoint x, =1- K is related to the auto-
morphic spectrum by the following explicit formula:

. a(loga) 1 —0(X~[loga,)}*
(3824) Co- Y]  oea il e csal))
y:|log ay |<X aext 281nh( ( Qg —Y)) o

= (AD](X) - el X 4 Bf’f(X) eI @y ()]

+ Z |®e () AN( Jer X 4 Bﬁ’fee_zfx —l—Perﬁf(X)),
E—{2®:}
where Cg is an explicit constant depending only on the group, ®, is the con-
stant automorphic form, z¢ is given by A¢ = zg —|pl?, Aif(X) and Bﬁf(X)
are polynomial in X, of degree (v — 1), and rational in z¢, and Perﬁ’:)(X) 18

of exponential decay in X and rational in z¢.

Proof. The compactness of I'\G implies that the spectrum Z is discrete,
and for G of odd rank, the spectral identity of Theorem 3.2, evaluated at the
basepoint, becomes

a(loga.,) e~ #llogay| ®e (o) |* 330
(325) Ca - Z H . (a(logaw)) ’ Z )\5 _
2

YT aex+ 2sinh

where Cg is an explicit constant depending only on the group G, and a, is
given by v =k -a,-k'. We apply a Perron integral transform

1

Z'@ZX
(3.26) Pro(f)(X) = %/UHRJC(Z) 2(2+0)(2+20) - (2 + €0) *
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to both sides of the identity. On the geometric side,

o?lloga, |
(3.27) PM()
4
o2 (X—[logas))

- /M.R 2(z + 9)(2 20 (4 00)
(1= e 0 loeas DYE/(019%) if X > [loga, ],
o if X <|loga,|

by Lemma 3.1. Thus,
(3.28) Pg’g (’UZ(CL'O))

a(loga) 1 —0(X—1 )
WS _ollogay) L) ocx—jiogar ).
o 19¢
v:|log ay |<X acE+ QSmh(a( 02ga7_)) £o
On the spectral side, write A¢ = 2Z — [p[>. Then A¢ — A, = —(z — 2¢) (2 + 2¢),
and
| e (,)]*
(3.29) PA@(i
(Ae = Az)Y
1 (=1)"|Pe (o) X

T2 i Gz o2 GEOGT20) ()

Move (—1)"|®¢(x,)|? outside the integral, and evaluate by residues. The
residues of the poles at the spectrum z = +z¢ are

1 81/—1

er
(3:30) A0 = gy Jmm 5 1<(Z+Z’f)_u(z+9)---(z+w))’

o o (2 —2¢)~" e
(v — 1)l 52 D21 Y GT0) (2 +10) )
Visibly, these are polynomial in X and rational in ze. When ®¢ = ®, is the

constant automorphic form, A¢ =0 = z¢ = £|p|. The sum of the residues of
the simple poles at z = —m# is

(3.31) B (X)=

(332)  Perll(X Z )t
’ 05 1 ( m)'(zg—mQGQ)”'

Thus,

(3.33) (—=1)"Pyy(Pé.(x,))

= (A[(X) - elrl¥ 4 Bf’f(X) el |y () [

+ Z "I)g «To Aé@( ) ng_,'_Bﬁ,iee—ng_’_Perif(X)).
—{®:}
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Since v,(z,) = Pé.(z,), by Theorem 3.2, we have the desired equality, with
Co=(~1)" - Cq. 0

(1]
(2]
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